We introduce a new class of compact metrizable spaces, which we call fences, and its subclass of smooth fences. We isolate two families F , F 0 of Hasse diagrams of finite partial orders and show that smooth fences are exactly the spaces which are approximated by projective sequences from F 0 . We investigate the combinatorial properties of Hasse diagrams of finite partial orders and show that F , F 0 are projective Fraïssé families with a common projective Fraïssé limit. We study this limit and characterize the smooth fence obtained as its quotient, which we call a Fraïssé fence. We show that the Fraïssé fence is a highly homogeneous space which shares some features with the Lelek fan, and we examine the structure of its spaces of endpoints. Along the way we establish some new facts in projective Fraïssé theory.
Introduction
In this paper we introduce and begin the study of a new class of topological spaces, which we call fences. These are the compact metrizable spaces whose connected components are either points or arcs. Among them, we define the subclass of smooth fences and characterize them as those fences admitting an embedding in 2 N × [0, 1].
A major tool for our study are projective Fraïssé families of topological structures, for a given language L, and their limits -called projective Fraïssé limits. These were introduced by Irwin and Solecki in [IS06] . In that paper, the authors focus on a particular example, where L = {R} contains a unique binary relation symbol such that its interpretation on the limit is an equivalence relation, and the quotient is a pseudo-arc. The characterization of all spaces that can be obtained, up to homeomorphism, as quotients L/ R L , where (L, R L ) is the projective Fraïssé limit of a projective Fraïssé family of finite topological {R}-structures is settled in [Cam10] . In [BC17] it is noted that, if we admit infinite languages, then every compact metrizable space can be obtained as such a quotient of a projective Fraïssé limit; some other examples for finite languages are also given. In this article we provide a new example: we focus on a family F of structures -finite partial orders whose Hasse diagram is a forest -which we show (Theorem 3.6) is projective Fraïssé; its limit F admits a quotient F/ R F which is a smooth fence. This space does not seem to appear in literature and we call it the Fraïssé fence.
We isolate a cofinal subclass F 0 of F and we show that smooth fences are exactly those spaces which are quotients of projective limits of sequences from F 0 (Theorems 4.4 and 4.6). This result creates a bridge between the combinatorial world and the topological one, which we exploit in Theorem 5.3 to obtain a characterization of the the Fraïssé fence by isolating a topological property which yields the amalgamation property for F 0 .
Our spaces, some of their properties, and the techniques we use have their analogs in the theory of fans. A fan is an arcwise connected and hereditarily unicoherent compact space that has at most one ramification point. A fan with ramification point t is smooth if for any sequence (x n ) n∈N converging to x, the sequence ([t, x n ]) n∈N of arcs connecting t to x n converges to [t, x] . Smooth fans where introduced in [Cha67] and have been extensively studied in continuum theory. A point x in a topological space X is an endpoint if whenever x belongs to an arc [a, b] ⊆ X, then x = a or x = b (note that under this definition points whose connected component is a singleton are endpoints). A Lelek fan is a smooth fan with a dense set of endpoints. Such a fan was first constructed in [Lel60] and was later proven to be unique up to homeomorphism in [BO90] and [Cha89] . In a series of papers ([BK15, BK17, BK19]) Bartošová and Kwiatkowska have studied the Lelek fan and the dynamics of its homeomorphism group by realizing it as a quotient of a projective Fraïssé limit of a particular class of ordered structures.
Besides the fact that both can be obtained as quotients of projective Fraïssé limits of some class of ordered structures, the Fraïssé fence and the Lelek fan share several other features:
• Both are as homogeneous as possible, namely they are 1 /3-homogeneous (see [AHPJ17] for the Lelek fan and Corollary 5.11 for the Fraïssé fence). • For both, the set of endpoints is dense (see Proposition 5.16 for the Fraïssé fence). In fact, the Lelek fan is defined as the unique smooth fan with a dense set of endpoints; the Fraïssé fence has a characterization in terms of denseness of endpoints, plus an additional technical assumption (see Theorem 5.3). • The set of endpoints of the Lelek fan is homeomorphic to the complete Erdős space ( [KOT96] ), a homogeneous, almost zero-dimensional, 1-dimensional space; the complete Erdős space is cohesive, that is, every point has a neighborhood which does not contain any nonempty clopen subset. Among the subspaces of the set of endpoints of the Fraïssé fence there is a homogenous, almost zero-dimensional, 1-dimensional space M which is not cohesive (Theorem 5.19(iv)).
A space with the properties mentioned for M was constructed in [Dij06] as a counterexample to a question by Dijkstra and van Mill. This raises the question of whether the two examples are homeomorphic and whether they can be regarded as a non-cohesive analog of the complete Erdős space. To obtain our results, we establish combinatorial criteria which are of general interest in the context of projective Fraïssé theory. Lemma 2.5 characterizes which projective sequences of structures in a language containing a binary relation symbol {R} have limit on which R is an equivalence relation, and Lemma 2.13 gives conditions under which the resulting quotient map is irreducible. The irreducibility condition entails a correspondence between structures in the projective sequence and regular quasi-partitions of the quotient, which in turn aids the combinatorialtopological translation.
Here is the plan of the paper. We begin in Section 2 with recalling some notions and proving some technical lemmas which will lay the basis of this work. In Section 3 we introduce the topological structures that constitute the main combinatorial objects of our study, prove that the relevant classes F and F 0 are projective Fraïssé and investigate the properties of the projective limits of F 0 . We define fences and characterize smooth fences in Section 4, where we also display the relation linking them to F 0 . Finally in Section 5 we characterize topologically the quotient of the projective limit of F , explore its homogeneity features and investigate its spaces of endpoints.
Basic terminology and definitions
Let X be a topological space. If A is a subset of X, then int X (A), cl X (A), ∂ X (A) denote the interior, closure, and boundary of A in X, respectively. We drop the subscript whenever the ambient space is clear from context. A closed set is regular if it coincides with the closure of its interior. We denote by K(X) = {K ⊆ X | K compact} the space of compact subsets of X, with the Vietoris topology. This is the topology generated by the sets {K ∈ K(X) | K ⊆ O} and {K ∈ K(X) | ∀i < n K ∩ O i = ∅}, for n ∈ N and O, O 0 , . . . , O n−1 varying among the open subsets of X. If X is compact metrizable, so is K(X). Let Homeo(X) denote the group of homeomorphisms of X.
By mesh of a covering of a metric space, we indicate the supremum of the diameters of its elements.
We collect here the definitions of some basic topological concepts we need.
Definition 2.1.
• A space is almost zero-dimensional if each point has a neighborhood basis consisting of closed sets that are intersection of clopen sets. • A space is X cohesive if each point has a neighborhood which does not contain any nonempty clopen subset of X. • The quasi-component of a point is the intersection of all its clopen neighborhoods. A space is totally separated if the quasi-component of each point is a singleton. • A space is n-homogeneous if for every two sets of n points there is a homeomorphism sending one onto the other. • A space X is 1 /n-homogeneous if the action of Homeo(X) on X has exactly n orbits. • A space is h-homogeneous if it is homeomorphic to each of its nonempty clopen subsets.
When we talk about dimension, we mean the inductive dimension.
2.1. Topological structures. We recall here some basic definitions, mainly from [IS06, Cam10] , sticking to relational first order languages, since we will not use other kinds of languages in this paper. Let thus a relational first order language L be given. A topological L-structure is a zero-dimensional compact metrizable space that is also an L-structure such that the interpretations of the relation symbols are closed sets. In particular, the topology on finite topological L-structures is discrete. We will usually suppress the word "topological" when referring to finite topological L-structures.
An epimorphism between topological L-structures A, B is a continuous surjection ϕ : A → B such that
for every n-ary relation symbol r ∈ L. An isomorphism is a bijective epimorphism, so in particular it is a homeomorphism between the supports. An isomorphism of A onto A is an automorphism and we denote by Aut(A) the group of automorphisms of A. An epimorphism ϕ : A → B refines a covering U of A if the preimage of any element of B is included in some element of U. If G, G ′ are families of topological structures such that G ′ ⊆ G and for all A ∈ G there exist B ∈ G ′ and epimorphism ϕ : B → A, we say that G ′ is cofinal in G.
A family G of topological L-structures is a projective Fraïssé family if the following properties hold:
(JPP) (joint projection property) for every A, B ∈ G there are C ∈ G and epimorphisms C → A, C → B; (AP) (amalgamation property) for every A, B, C ∈ G and epimorphisms ϕ 1 :
Given a family G of topological L-structures, a topological L-structure L is a projective Fraïssé limit of G if the following hold:
(L1) (projective universality) for every A ∈ G there is some epimorphism L → A; (L2) for any clopen covering U of L there are A ∈ G and an epimorphism L → A refining U. (L3) (projective ultrahomogeneity) for every A ∈ G and epimorphisms ϕ 1 , ϕ 2 :
L → A there exists an automorphism ψ ∈ Aut(L) such that ϕ 2 = ϕ 1 ψ.
Note that in the original definition of a projective Fraïssé limit in [IS06] item (L2) was replaced by a different but equivalent property.
If G is a projective Fraïssé family of finite L-structures and L satisfies (L1) and (L2), then (L3) holds if and only if the following extension property holds:
The proof is the same as in [Pan17, Lemma 3].
In [IS06] it is proved that every nonempty, at most countable, projective Fraïssé family of finite L-structures has a projective Fraïssé limit, which is unique up to isomorphism.
If G is a class of topological L-structures, a projective sequence in G is a sequence (A n , ϕ m n ) n∈N,m≥n , where:
• A n ∈ G; • ϕ n+1 n : A n+1 → A n is an epimorphism, for each n ∈ N; • ϕ m n = ϕ n+1 n · · · ϕ m m−1 : A m → A n for n < m, and ϕ n n : A n → A n is the identity.
A projective limit for such a sequence is a topological L-structure A, whose universe is A = {u ∈ n∈N A n | ∀n ∈ N u(n) = ϕ n+1 n (u(n + 1))} and such that r A (u 1 , . . . , u j ) ⇔ ∀n ∈ N r An (u 1 (n), . . . , u j (n)), for every j-ary relation symbol r ∈ L. We denote by ϕ n : A → A n the n-th projection map: this is an epimorphism.
A fundamental sequence for G is a projective sequence (A n , ϕ m n ) such that the following properties hold:
(F2) for any n, any A, B ∈ G and any epimorphisms θ 1 : B → A, θ 2 : A n → A, there exist m ≥ n and an epimorphism ψ : A m → B such that θ 1 ψ = θ 2 ϕ m n . To study projective Fraïssé limits it is enough to consider fundamental sequences, due to the following fact whose details can be found in [Cam10] .
Proposition 2.2. Let G be a nonempty, at most countable (up to isomorphism) family of finite L-structures and G 0 be cofinal in G. Then the following are equivalent.
(1) G is a projective Fraïssé family;
(2) G has a projective Fraïssé limit;
(3) G has a fundamental sequence.
Moreover, in this case G 0 is a projective Fraïssé family and the projective Fraïssé limits of G 0 , G, and of its fundamental sequence coincide. A projective Fraïssé limit for them is the projective limit of the fundamental sequence.
If G is a projective Fraïssé family, one can check whether a given projective sequence is fundamental for G with the following. Proposition 2.3. Let G be a projective Fraïssé family of topological L-structures. Let (A n , ϕ m n ) be a projective sequence in G. Assume that for each A ∈ G, n ∈ N, and epimorphism θ : A → A n , there exist m ≥ n and an epimorphism ψ : A m → A such that θψ = ϕ m n . Then (A n , ϕ m n ) is a fundamental sequence for G. Proof. (F1) Let A ∈ G, by (JPP) there exist A ′ ∈ G, and epimorphisms ϕ : A ′ → A and ϕ ′ : A ′ → A 0 . By hypothesis there are n and an epimorphism θ : A n → A ′ such that ϕ ′ θ = ϕ n 0 . Then ϕθ is an epimorphism A n → A, as wished. (F2) Let A, B ∈ G and epimorphisms θ 1 : B → A, θ 2 : A n → A. By (AP) there exist C ∈ G and epimorphisms ρ 1 : C → B and ρ 2 : C → A n such that θ 1 ρ 1 = θ 2 ρ 2 . By hypothesis, there exist m ≥ n and an epimorphism ψ ′ :
Notice that the converse of Proposition 2.3 holds as well.
2.2. Fine projective sequences. In the sequel, whenever we denote a language with a subscript, like in L R , we mean that the language contains a distinguished binary relation symbol represented in the subscript. The interpretation of R in an L R -topological structure is expected to be reflexive and symmetric. These properties are preserved under projective limits. A prespace is any L R -topological structure A where the interpretation of R is also transitive, that is, an equivalence relation; in this case, we say that A is a prespace of A/ R A . Since R A is a closed equivalence relation, the quotient map p :
, for any r ∈ L R \ {R}; all such relations are closed.
Definition 2.4. A projective sequence (A n , ϕ m n ) of finite L R -structures and epimorphisms is fine whenever its projective limit is a prespace. If (A n , ϕ m n ) is a fine projective sequence in L R with projective limit A and X is a compact metrizable space homeomorphic to A/ R , we say that (A n , ϕ m n ) approximates X. Given a reflexive graph (that is, a reflexive and symmetric relation) R on some set, denote by d R the distance on the graph, where d R (a, b) = ∞ if a, b belong to distinct connected components of the graph. Note that if R, S are reflexive graphs and ϕ is a function between them such that x R y ⇒ x S y for all x, y, then the inequality d S (ϕ(x), ϕ(y)) ≤ d R (x, y) holds for every x, y.
We can determine whether a sequence is fine by checking that the R-distance of points which are not R-related tends to infinity. More precisely:
Lemma 2.5. Let (A n , ϕ m n ) be a projective sequence of finite L R -structures, with projective limit A. Assume that R An is reflexive and symmetric for every n ∈ N. The projective sequence is fine if and only if for all n ∈ N and a, b
Passing to a suitable subsequence, let
, ϕ m (y)) = 2. Therefore the property does not hold for ϕ n (x), ϕ n (y).
Definition 2.6. Let A be a topological L R -structure and B ⊆ A. We say B is R-connected if for any two clopen sets U,
Notice that if A is a finite L R -structure, R-connectedness coincides with the usual notion of connectedness for the graph R A .
Lemma 2.7. Let A be a prespace. Then the image of an R-connected closed subset B ⊆ A under the quotient map p : A → A/ R A is closed and connected.
For the remainder of the section we fix a fine projective sequence of finite L Rstructures (A n , ϕ m n ) with projective limit A and with quotient map p : A → A/ R A . Lemma 2.8.
(1) The mesh of the sequence {ϕ −1 n (a) | a ∈ A n } n∈N tends to 0. In particular, the sets ϕ −1 n (a) for n ∈ N, a ∈ A n form a basis for the topology of A.
(2) The mesh of the sequence {p[ϕ −1 n (a)] | a ∈ A n } n∈N tends to 0. Proof.
(1) Suppose that there is ε > 0 such that for infinitely many n ∈ N, there is a n ∈ A n with diam(ϕ −1 n (a n )) ≥ ε. Consider the forest T = {ϕ n n ′ (a n ) | n ′ < n}, so that diam(ϕ −1
(2) By (1) and the fact that function p is uniformly continuous. Lemma 2.9. If B n ⊆ A n , for n ∈ N, are R-connected subsets and (ϕ −1 n (B n )) n∈N converges in K(A) to K, then K is R-connected.
Proof. Let U, U ′ be clopen, nonempty subsets of A, with some positive distance δ,
and diam(ϕ −1 n (a)) < δ for each a ∈ A n : such a n exists by Lemma 2.8. Then each ϕ −1 n (a) for a ∈ B n is either contained in U or in U ′ , as the distance between the two clopen sets is greater than its diameter, and U, U ′ each contain at least one such set, since ϕ −1 n (B n ) has nonempty intersection with both U and U ′ . It follows that ϕ n [U ] ∩ B n , ϕ n [U ′ ] ∩ B n partition B n . But B n is R-connected, so there are a ∈ B n ∩ ϕ n [U ], a ′ ∈ B n ∩ ϕ n [U ′ ] such that a R An a ′ , and thus there exist
Corollary 2.10. If B n ⊆ A n are R-connected subsets and (p[ϕ −1 n (B n )]) n∈N converges in K(A/R A ) to some K, then K is connected.
Proof. Let n k be an increasing sequence of natural numbers such that ϕ −1
. Now apply Lemmas 2.7 and 2.9.
2.3. Irreducible functions and regular quasi-partitions. Given topological spaces X, Y , a continuous map f :
We recall some basic results on irreducible closed surjective maps between compact metrizable spaces, whose proofs can be found in [AP84] 
), and f [C] = cl(f # (int(C))), so in particular the image of a regular closed set is regular. The preimage of any point by f is either an isolated point or has empty interior. If C, C ′ are regular closed and f
Definition 2.11. A covering C of a topological space is a regular quasi-partition if the elements of C are nonempty, regular closed sets and ∀A,
Lemma 2.12. If X, Y are compact metrizable spaces and f : Y → X is an irreducible closed surjective map, then the image f C = {f [C] | C ∈ C} of a regular quasi-partition C of Y is a regular quasi-partition of X, and the map C → f [C] is a bijection between C and f C.
Proof. The fact that C → f [C] is a bijection is one of the basic properties of irreducible closed surjective maps between compact metrizable spaces. The same for the fact that each f [C] is a regular closed set.
Assume now that C, C ′ ∈ C, and let
whence int(C ∩ C ′ ) = ∅ and then int(C) ∩ int(C ′ ) = ∅, against C being a regular quasi-partition.
Recall that we have fixed a fine projective sequence of finite L R -structures (A n , ϕ m n ) with projective limit A and with quotient map p : A → A/ R A . Lemma 2.13. The following are equivalent:
(1) The set M of points of A whose R A -equivalence class is a singleton is dense.
(2) For each n ∈ N and a ∈ A n there are m > n and b
Thus p is irreducible.
(3) ⇒ (2). Let n ∈ N and a ∈ A n . By irreducibility of p,
} is an open, nonempty, and R A -invariant set contained in ϕ −1 n (a). Let m > n and b ∈ A m be such that ϕ −1 m (b) ⊆ O, which exist since such sets are a basis for the topology on A.
It follows that ϕ n (x ′ ) = a and thus ϕ m n (b ′ ) = a, for ϕ n = ϕ m n ϕ m . (2) ⇒ (1). Since {ϕ −1 n (a) | n ∈ N, a ∈ A n } is a basis for the topology on A it suffices to fix n ∈ N and a ∈ A n and prove that there is x ∈ M with ϕ n (x) = a. We construct a sequence n i and elements b i ∈ A ni by induction. Let n 0 = n and b 0 = a. Given b i ∈ A ni , by hypothesis there are m > n i and b ∈ A m such that
If ϕ : A → A is an epimorphism onto a finite L R -structure A and a ∈ A, we let
If the quotient map p : A → A/ R A is irreducible, then A ϕ is a regular quasipartition of A/ R A by Lemma 2.12, and the function
Proof. Let x ∈ ∂( a ϕn ), so that x = p(u) for some u ∈ ϕ −1 n (a). As each a ′ ϕn is closed, this implies that there exists a ′ ∈ A n , a ′ = a such that x ∈ a ′ ϕn , so that there is v ∈ ϕ −1 n (a ′ ) with u R A v; in turns, this entails that a R An a ′ . Let now x ∈ a ϕn , and assume that there exists a ′ ∈ A n , with a ′ = a, x ∈ a ′ ϕn . Since a ϕn ∩ a ′ ϕn ⊆ ∂( a ϕn ) ∩ ∂( a ′ ϕn ), it follows that x ∈ ∂( a ϕn ).
The last statement is a direct consequence of the definition of a ϕn .
Finite Hasse forests
Henceforth fix L R = {R, ≤}, where ≤ is a binary relation symbol. A Hasse partial order (HPO ) is a topological L R -structure P such that • ≤ P is a partial order, that is, it is reflexive, anti-symmetric and transitive;
• a R P b if and only if a = b or a, b are one the immediate ≤ P -successor of the other, that is:
Indeed, if P is a HPO, the relation R P is the Hasse diagram of ≤ P . Where clear we shall write a ≤ b instead of a ≤ P b, and similarly for a < b and a R b. When a ≤ b we also let [a, b] = {c ∈ P | a ≤ c ≤ b}. If ≤ P is total, then we say that P is a Hasse linear order (or HLO ). If P, P ′ are HPOs we denote by P ⊔ P ′ the HPO where the support and the interpretations of ≤ and R are the disjoint unions of the corresponding notions in P, P ′ .
Definition 3.1. A Hasse forest (H-forest ) is a HPO whose Hasse diagram has no cycles, and we denote by F the family of all finite H-forests. In [BK15] it is shown 1 that the class of all finite H-forests with a minimum is a projective Fraïssé family whose limit's quotient with respect to R is the Lelek fan. In [BC17] it is shown that the class of all finite HLOs is a projective Fraïssé family whose limit's quotient is the arc. Here we prove that, though the family of all finite HPOs is not a projective Fraïssé family, the family of all finite H-forests is.
We begin by describing a smaller yet cofinal family which plays a central role in the rest of the paper.
Definition 3.3. Let F 0 be the collection of all P ∈ F whose maximal chains are pairwise disjoint. In other words, the element of F 0 are the finite disjoint unions of finite HLOs.
where every B ′ j is isomorphic to B j with the induced structure. Then there is an epimorphism ϕ : P ′ → P , given by letting ϕ be an isomorphism from B ′ j onto B j for 1 ≤ j ≤ m.
Proposition 3.5. The family of all finite HPOs is not a projective Fraïssé family.
Proof. We show that the family of all finite HPOs lacks amalgamation. Let
, be ordered as follows (see Figure 1 ).
• For S: a = min S, d = max S, and b, c are incomparable.
and no other order comparabilities hold, except for reflexivity and transitivity.
and no other order comparabilities hold, except for reflexivity and transitivity. Define ϕ : P → S, ψ : Q → S by letting:
Then ϕ, ψ are epimorphisms. To show that there is no amalgamation, by Proposition 3.4 it is enough to show that there is no F ∈ F 0 with epimorphisms θ : F → P, ρ : F → Q such that ϕθ = ψρ. Otherwise, as a 0 < d 0 , there must be B ∈ MC(F ) 1 Albeit with a different language, it is easy to see that a continuous surjection is an epimorphism with one such language iff it is so with the other, thus ensuring that the limit is the same.
Let us turn to the proof of the central result of the section.
Theorem 3.6. The family F of all finite H-forests is a projective Fraïssé family.
First, we note the following simple but useful observation.
Lemma 3.7. Let P, P ′ ∈ F , and let ϕ :
Proof. For the first statement, since B ∈ MC(P ) and ϕ is an epimorphism, then ϕ[B] is a chain in P ′ , so ϕ[B] is included in a maximal chain.
For the second assertion, fix
We can also prove a sort of converse. Given L R -structures P, P ′ and a function ϕ :
Lemma 3.8. Let P, P ′ ∈ F , and let ϕ :
Proof of Theorem 3.6. Since for every P ∈ F there is an epimorphism from P to the H-forest consisting of a single point, it suffices to prove amalgamation. Let P, Q, S ∈ F and epimorphisms ϕ : P → S, ψ : Q → S.
For each C ∈ MC(P ), by Lemma 3.7 there is 
As above there exist a finite HLO E C and epimorphisms ϕ ′
By Theorem 3.6, Proposition 3.4 and Proposition 2.2 it follows that:
Corollary 3.9. F 0 is a projective Fraïssé family with the same projective Fraïssé limit as F .
3.1. Projective limits of sequences in F 0 . In the next section we determine the spaces which are approximable by fine projective sequences from F 0 . For this, we establish some properties of projective sequences in F 0 and their limits which are of use later. For the remainder of the section let (P n , ϕ m n ) be a fine projective sequence in F 0 with projective limit P, and p : P → P/ R P be the quotient map. Notice that ≤ P is an order relation.
By Lemma 2.9 it is now enough to observe that every [ϕ n (u), ϕ n (v)] is R-connected.
Lemma 3.11. The R P -equivalence classes contain at most two elements; moreover, each class is totally ordered and convex with respect to ≤ P .
Proof. Let u, v, w ∈ P be R P -related elements. If u, v, w were all distinct, there would exists n ∈ N such that ϕ n (u), ϕ n (v), ϕ n (w) are all distinct and pairwise
Proof. Let n ∈ N be such that ϕ n (u), ϕ n (v) are distinct and not R Pn -related. Since ϕ n (u) ≤ ϕ n (v), P n ∈ F 0 , and R Pn -related distinct elements are one the immediate ≤ Pn -successor of the other and viceversa, it follows that ϕ n (u ′ ) ≤ ϕ n (v ′ ).
Corollary 3.13. The relation ≤ P/R P = p×p(≤ P ) on P/ R P defined by letting
Proof. That ≤ P/R P is closed is observed at the beginning of Section 2.2. Moreover:
is open, thus clopen. A converse of the above also holds.
Lemma 3.15. Let C be a clopen subset of P/ R P . There is n ∈ N such that for all m ≥ n, there is S ⊆ MC(P m ) for which C = a∈ S a ϕm .
Proof. First notice that it is enough to show that there are some n ∈ N and S ⊆ MC(P n ) for which C = a∈ S a ϕn . Indeed, assuming this, let m ≥ n. Then (ϕ m n ) −1 ( S) = T for some T ⊆ MC(P m ), and C = a∈ T a ϕm . Since p −1 (C) is compact and open and the sets {ϕ −1 n (a) | n ∈ N, a ∈ A n } form a basis for the topology of P, there exist n ∈ N and a subset B ⊆ P n such that p −1 (C) = a∈B ϕ −1 n (a), so that B = ϕ n [p −1 (C)]. We prove that B = S for some S ⊆ MC(P n ). If this were not the case, there would exist a, a ′ ∈ P n with a, a ′ consecutive with respect to ≤ Pn and a ∈ B, a ′ /
The proof is concluded by observing that:
Fences
Definition 4.1. A fence is a compact metrizable space whose connected components are either points or arcs. A fence Y is smooth if there is a closed partial order on Y whose restriction to each connected component of Y is a total order.
We call arc components of a fence the connected components which are arcs, and singleton components those which are points. We denote by E(Y ) the set of endpoints of a fence Y . Since each connected component K of Y is either a point or an arc, E(Y ) is the set of endpoints of its connected components. The Cantor fence is the space 2 N × [0, 1]; it is a smooth fence, as witnessed by the product of equality on 2 N and the usual ordering of [0, 1]: we denote this order by .
The following proposition establishes that smooth fences are, up to homeomorphism, the compact subspaces of the Cantor fence. It may be confronted with [CC89, Proposition 4], stating that smooth fans are, up to homeomorphism, the subcontinua of the Cantor fan, which is the fan obtained by identifying in the Cantor fence the set 2 N × {0} to a point.
Theorem 4.2. Let Y be a fence. Then the following are equivalent:
(1) Y is a smooth fence.
(2) There exists a closed partial order on Y whose restriction to each connected component is a total order and such that two elements arecomparable if and only if they belong to the same connected component.
Proof. The implications (2) ⇒ (1) and (4) ⇒ (3) are immediate. The implications (3) ⇒ (1) and (4) ⇒ (2) follow by copying on Y the restriction of the order on the Cantor fence to the image of Y under the embedding. It thus remain to establish (1) ⇒ (4).
By [Car68] , any compact metrizable space with a closed partial order can be embedded continuously and order-preservingly in [0, 1] N with the product order.
, where d is the product metric on [0, 1] N and 0 = (0, 0, . . . ). Then f 1 is the composition of two continuous functions, so it is continuous, and its restriction to each connected component of Y is injective, since d(0, x) < d(0, y) whenever x is less than y in the product order on [0, 1] N .
Let f :
). Then f is the continuous embedding which we were seeking.
Note that if
is the closed order on Y used for embedding Y into the Cantor fence, the embedding f of the preceding proof also embeds in .
For later use, we say that an order relation on the fence Y is strongly compatible if it satisfies (2) of Theorem 4.2. For example, is a strongly compatible order on the Cantor fence.
Remark 4.3. Condition (2) in Theorem 4.2 implies that the ternary relation T on a smooth fence Y , defined by T (x, y, x ′ ) if and only if x = y = x ′ or y belongs to the arc with endpoints x, x ′ , is closed. We do not know if requiring that this relation is closed is equivalent or strictly weaker than the conditions in Theorem 4.2.
4.1.
Smooth fences and F 0 . We turn to proving that smooth fences are exactly the spaces which can be approximated by fine projective sequences in F 0 . One direction is Theorem 4.4, the other Theorem 4.6.
Theorem 4.4. Let (P n , ϕ m n ) be a fine projective sequence in F 0 , with projective limit P and let p : P → P/ R P be the quotient map. Then P/ R P is a smooth fence.
The connected components of P/ R P are all sets of the form p[B], where B is a maximal chain in P; in particular, if B has more than two elements, then p[B] is an arc.
Proof. The relation ≤ P/R P on P/ R P is a closed order by Corollary 3.13. If x ≤ P/R P y ≤ P/R P x, pick u ∈ p −1 (x), v ∈ p −1 (y) and let n ∈ N be such that ϕ n (u) ϕ n (v) ϕ n (u). This implies that ϕ n (u), ϕ n (v) belong to distinct maximal chains B, B ′ , respectively, of P n . Then ϕ −1 n (B), ϕ −1 n (B ′ ) are clopen, R Pinvariant subsets of P and, in turn,
are clopen subsets of P/ R P separating x and y, so x, y belong to distinct connected components of P/ R P .
is R-connected by Lemma 3.10, from Lemma 2.7 it follows that p [[u, v] ] is a connected subset of P/ R P containing x, y. Therefore x, y belong to the same connected component.
These two facts show also that the connected components of P/ R P are the sets of the form p[B], where B ranges over the maximal chains of P. If in particular B has more than two points, then p[B] is not a singleton by Lemma 3.11.
Thus it remains to show that the non-singleton connected components of P/ R P are arcs. So let K be a non-singleton connected component of P/ R P . By the above, the restriction of ≤ P/R P to K is a closed total order, so it is complete as an order by [BC17, Lemma 15], and has a minimum and a maximum that are distinct. Moreover, it is dense as K is connected, so it is a separable order as open intervals are open subsets in the topology of K. Using [Ros82, Theorem 2.30], the restriction of ≤ P/R P to K is an order of type 1 + λ + 1, where λ is the order type of R; as the sets of the form {x ∈ K | x < P/R P z} and {x ∈ K | z < P/R P x} are open subsets of K, this means that there is a continuous bijection K → [0, 1], which is therefore a homeomorphism.
The converse of Theorem 4.4 is proved in Theorem 4.6, for which we need the following definition. Note that E(Y ) is at most countable and that, if y ∈ [0, 1] \ E(Y ), then
Theorem 4.6. Let Y be a smooth fence with a strongly compatible order . Then there exists a fine projective sequence of structures (P n , ϕ m n ) from F 0 approximating Y in such a way that, denoting by P the projective limit: a) the quotient map p : P → P/ R P is irreducible; b) there is a homeomorphism g : P/ R P → Y that is also an order isomorphism between ≤ P/R P and on Y .
Proof. By Theorem 4.2 and the remark following it, we can assume that Y is a subset of 2 N × [0, 1], that for all x ∈ 2 N the set Y ∩ ({x} × [0, 1]) is connected, and that is the restriction to Y of . Let X = π 1 (Y ) be the projection of Y on 2 N . Let x 0 = 0, x 1 = 1. Let Θ = xm /2 n n ≥ 1, 1 ≤ m < 2 n be a countable dense subset of (0, 1) \ E(Y ), indexed in such a way that x p < x q if and only if p < q. For n ≥ 0, let:
Claim 4.6.1. For each n and each clopen partition U of X there is a clopen partition W refining U, such that for all U ∈ W there exists x ∈ U such that:
(1)
Proof of the claim. Fix n, U. We start by proving that there is a clopen partition U ′ refining U, such that for all U ∈ U ′ with U ⊆ V ∈ U, there exists x U ∈ V for which (1) holds. To this end suppose towards contradiction that it is not the case. In particular for all m ∈ N there is a clopen U m ⊆ X of diameter less than 1/m for which no x as above exists. As X is compact, there is a subsequence
and consider the open neighborhood
is a directed graph whose nodes have outdegree 1. Therefore each connected component of this graph contains a node which is reachable from any other node in the component. We define W as the coarsening of U ′ whose elements are the unions of each connected component of (U ′ , r).
Suppose one has defined U n , C n . Let U n+1 refine U n , have mesh less than 1 n , and satisfy Claim 4.6.1 for n + 1, and define
Notice that for each n:
(1) C n is a regular quasi-partition of X × [0, 1], (2) ∀C ∈ C n+1 ∃!C ′ ∈ C n C ⊆ C ′ . The mesh of C n tends to 0 as n grows, since Θ is dense. Endow each C n with the discrete topology and give C n an L R -structure by letting
For each n, define P n = {C ∈ C n | int(C) ∩ Y = ∅} and have it inherit the L Rstructure of C n . Notice that P n is a covering of Y by the choice of Θ ⊆ (0, 1) \ E(Y ):
, and thus C ∈ P n , or x ′ = xh /2 k for a least k, which is positive. If k > n,
Claim 4.6.2. P n ∈ F 0 .
Proof of the claim. Let C, C ′ ∈ P n and D ∈ C n with C ≤ Cn D ≤ Cn C ′ . By Claim 4.6.1, there is a connected component K = ({x} × [0, 1]) ∩ Y of Y which meets both C, C ′ . By definition of ≤ Cn , K intersects D in an arc, so in particular int(D) ∩ Y = ∅. Therefore P n is a ≤ Cn -convex substructure of C n , so P n ∈ F 0 . For each n ∈ N and m ≥ n, let ϕ m n : P m → P n be the inclusion map, that is ϕ m n (C) = D if and only if C ⊆ D. Notice that this is well defined as ∀C ∈ C m ∃!D ∈ C n C ⊆ D and
Clearly ϕ m n = ϕ n+1 n · · · ϕ m m−1 . Claim 4.6.3. Each ϕ m n is an epimorphism. Proof of the claim. We prove that ϕ m n is L R -preserving. Indeed, notice that C ∩
Let B ∈ MC(P n ) and let K be a connected component of Y that meets every C ∈ B, which exists by Claim 4.6.1. Let B ′ ∈ MC(P m ) be such that K ⊆ B ′ . Then ϕ m n [B ′ ] = B, since, by the choice of Θ, the projections of endpoints of K on the second coordinate are not local extrema. We conclude by Lemma 3.8.
We have thus established that (P n , ϕ m n ) is a projective sequence. Let P denote its projective limit.
Claim 4.6.4. The projective sequence (P n , ϕ m n ) is fine. Proof of the claim. Relation R P is reflexive and symmetric, since all R Pn are.
To conclude use Lemma 2.5, the fact that the mesh of (P n ) goes to 0, and the fact that elements of P n are R Pn -related if and only if their distance is 0.
Then P/ R P is homeomorphic to Y . Indeed, let f : P → Y be the continuous map defined by letting f ((C n ) n∈N ) be the unique element of n∈N C n . Notice that f is well defined since the mesh of the P n 's goes to 0, and n∈N C n ⊆ Y as C n ∩ Y = ∅, for each n, and Y is closed. Moreover f is surjective, since each P n is a covering of Y . Also f ((C n ) n∈N ) = f ((C ′ n ) n∈N ) if and only if n∈N C n = n∈N C ′ n if and only if C n R Pn C ′ n for each n if and only if (C n ) n∈N R P (C ′ n ) n∈N , so f induces a homeomorphism g : P/ R P → Y .
Finally, we prove the statements a) and b). a) To apply Lemma 2.13, it is enough to prove that for every n ∈ N, D ∈ P n , the set ϕ −1 n (D) contains a point whose R P -equivalence class is a singleton. Since
. Then for each m there is exactly one C m ∈ P m to which x belongs, so f −1 (x) = {(C m ) m∈N } and the point (C m ) m∈N is not R P -related to any other point; moreover (C m ) m∈N ∈ ϕ −1 n (D). b) We prove that function f defined above is an isomorphism of the orders ≤ P/R P , .
Let x, y ∈ P/ R R be distinct and such that x ≤ P/R P y. Let u ∈ p −1 (x), v ∈ p −1 (y). Then u, v are distinct and u ≤ v. Moreover n∈N ϕ n (u) = {g(x)}, n∈N ϕ n (v) = {g(y)}. By the definition of ϕ n (u) ≤ Pn ϕ n (v) it follows that there exist w n ∈ int(ϕ n (u)), z n ∈ int(ϕ n (v)) such that w n z n . Since lim n→∞ w n = g(x), lim n→∞ z n = g(y), we conclude g(x) g(y).
If
Consequently, there exists n ∈ N such that ϕ n (u), ϕ n (v) are ≤ Pn -incomparable, implying that g(x), g(y) are -incomparable.
As mentioned in the introduction, in [BK15] the Lelek fan is obtained as a quotient of the projective Fraïssé limit of a subclass of F . In particular, the Lelek fan is approximable by a fine projective sequence from F . We therefore raise the following question, an answer to which would involve proving analogs of Theorems 4.4 and 4.6 for F .
Question 4.7. What is the class of spaces which are approximable by fine projective sequences from F ? 4.2. Suitable sequences of regular quasi-partitions. We isolate in Definition 4.8 and Proposition 4.9 a class of sequences of regular quasi-partitions of a smooth fence Y giving rise to a fine projective sequence from F 0 that approximates Y .
Definition 4.8. Let Y be a smooth fence and let (C n ) n∈N be a sequence of regular quasi-partitions of Y .
• Let be a strongly compatible order on Y . The sequence (C n ) n∈N is -suitable if each C n+1 refines C n , the mesh of (C n ) tends to 0, and (C n , R Cn , ≤ Cn ) ∈ F 0 when endowing C n with the discrete topology and defining:
Notice that the sequence of regular quasi-partitions (P n ) built in the proof of Theorem 4.6 might not be suitable: given B ∈ MC(P n ) there might be no connected component of Y intersecting both min B and max B in their interior (see Lemma 4.10 below).
Suitable sequences serve the purpose of clearly and concisely stating the characterization theorem 5.3 for the Fraïssé fence. They appear in a technical assumption made necessary by a gap in our knowledge, which is made explicit in Conjecture 4.11. Proposition 4.9. Let (C n ) n∈N be a -suitable sequence of regular quasi-partitions of a smooth fence Y and for each m ≥ n, let χ m n : C m → C n be the inclusion map, that is, χ m n (C) = C ′ if and only if C ⊆ C ′ . Then (C n , χ m n ) is a fine projective sequence of structures from F 0 approximating Y . The function q : Y → Y assigning to each u ∈ Y the unique element of n∈N χ n (u) is irreducible.
Proof. We prove that each χ m n is an epimorphism. If C, C ′ ∈ C m are such that C R C ′ , then C ∩ C ′ = ∅, so that χ m n (C) ∩ χ m n (C ′ ) = ∅ and then χ m n (C) R χ m n (C ′ ). If C, C ′ ∈ C n are such that C R C ′ , then C ∩ C ′ = ∅, so let x ∈ C ∩ C ′ . Since, by the regularity of C, C ′ , point x is in the closure of the interior both of C and C ′ , there are D, D ′ ∈ C m such that x ∈ D ⊆ C, x ∈ D ′ ⊆ C ′ , so that D R D ′ . This grants in particular that χ m n is surjective.
, which is not case, as C = C ′ and C n ∈ F 0 . Thus D ≤ D ′ .
We prove that the sequence is fine. Let Y be the projective limit of (C n , χ m n ). Relation R Y is reflexive and symmetric, as all R Cn are. Since the mesh of (C n ) tends to 0, Lemma 2.5 allows to conclude that the sequence is fine.
The rest of the proof is similar to the proof of Theorem 4.6. We prove that Y/ R Y ⋍ Y . Since the mesh of the sequence (C n ) tends to 0, the function q is well defined. It is surjective since every member of C n is covered by
Finally, q is continuous as the mesh of (C n ) goes to 0.
At last, to prove that q is irreducible, it suffices to show that the quotient map p : Y → Y/ R Y is irreducible. We apply Lemma 2.13 by showing that given n ∈ N, D ∈ C n , the set χ −1 n (D) contains a point whose R Y -equivalence class is a singleton. Since
to any other point and q −1 (x) ∈ χ −1 n (D). Lemma 4.10. Let (P n , ϕ m n ) be a fine projective sequence in F 0 with limit P, such that the quotient map p : P → P/ R P is irreducible. Suppose that for each n ∈ N and any B ∈ MC(P n ) there is a connected component K ⊆ P/ R P such that K ∩ int( min B ϕn ) = ∅, K ∩ int( max B ϕn ) = ∅. Then ( P n ϕn ) n∈N is a suitable sequence of regular quasi-partitions with respect to the partial order ≤ P/R P .
Proof. Endow each P n ϕn with the L R -structure from Definition 4.8, defined with respect to the order ≤ P/R P on P/ R P . We show that for each n ∈ N, the L Rstructures P n and P n ϕn are isomorphic via the bijection a → a ϕn . This will immediately yield the result. All verifications are routine, except perhaps the fact that the function preserves the order. So fix n ∈ N and assume a R Pn a ′ . Since ϕ n is an epimorphism, there are
Suppose now a ≤ Pn a ′ , in order to show that a ϕn ≤ a ′ ϕn . It can also be assumed that a = a ′ . By the hypothesis, there exists a connected component K ⊆ P/ R P such that there are x ∈ K ∩int( a ϕn ),
Then u, u ′ are not R P -related as x = x ′ , so by Lemma 3.12 u ′ ≤ u and thus a ′ ≤ a, which is not the case. Therefore x ≤ P/R P x ′ and a ϕn ≤ a ′ ϕn .
Conversely, assume that a ϕn ≤ a ′ ϕn , again with a = a ′ , aiming to show that a ≤ a ′ . Let x ∈ int( a ϕn ),
Then u, u ′ are not R P -related, so by Lemma 3.12 u ≤ u ′ , which implies a ≤ a ′ .
Theorem 4.6 applied to 2 N × [0, 1] gives a fine projective sequence which satisfies Lemma 4.10. Therefore 2 N × [0, 1] admits a suitable sequence. In Section 5 we show that the Fraïssé fence admits a suitable sequence. This raises the question of which smooth fences admit a suitable sequence. We conjecture it is all of them.
Conjecture 4.11. Any smooth fence admits a suitable sequence.
4.3.
Spaces of endpoints of smooth fences. Given a smooth fence Y and a strongly compatible order on Y , let L (Y ), U (Y ) be the space of -minimal points of Y and the space of -maximal points of Y , respectively. By the definition of a strongly compatible order, in these sets are contained all endpoints of Y :
When the order is clear from context we suppress the mention of it in L (Y ) and U (Y ).
In this subsection we establish some topological properties of spaces of endpoints of smooth fences. In particular, we concentrate on the spaces L (Y ), U (Y ), L (Y )∩U (Y ). We therefore fix a smooth fence Y and a strongly compatible order . By Theorem 4.6 we can assume that Y = P/ R P for some fine projective sequence (P n , ϕ m n ) in F 0 with projective limit P, and that is ≤ P/R P . Let p : P → P/ R P be the quotient map. 
A subsequence v m k converges to some v. It follows that u ≤ P v, as u = lim m→∞ u m and the order is closed, and u = v as ϕ n (v m ) = ϕ n (u), for any m > n, a contradiction with the maximality of u.
Conversely, let u ∈ P be such that for each n ∈ N there exists m > n such that ϕ m n (max{a ∈ P m | ϕ m (u) ≤ a}) = ϕ n (u) and let u ≤ P v. Fix n, with the objective of showing ϕ n (u) = ϕ n (v). Let m > n satisfy the hypothesis; notice that it implies that ϕ m Proof. Fix a compatible metric on Y and let δ be the distance between K and Y \ O. Let u = min p −1 (K), v = max p −1 (K) and n ∈ N be such that the mesh of P n ϕn is less than δ, so that if a ∈ P n is such that a ϕn ∩ K = ∅, then a ϕn ⊆ O. By Lemma 4.12 there are m ′ > n and B ′ ∈ MC(P m ′ ) with ϕ m ′ (u) ∈ B ′ and ϕ m ′ n (min B ′ ) = ϕ n (u). By a second application of Lemma 4.12, there are m > m ′ , 
We prove that its trace C ∩ U(Y ) is the intersection of clopen sets of U(Y ), thus proving that each point of U(Y ) has arbitrarily small closed neighborhoods which are intersection of clopen sets. In fact we prove that C ∩U(Y ) = k≥m (U k ∩ U(Y )), where
By Lemma 3.14 each U k is a finite union of clopen subsets of Y , so it is clopen. Let y ∈ k≥m (U k ∩ U(Y )) and, for each k ≥ m, let B k ∈ MC(P k ) with a x ≤ ϕ k m (max B k ) be such that y ∈ a∈B k a ϕ k . It follows that max B k ϕ k ⊆ C, for all k ≥ m. Since lim k→∞ max B k ϕ k = {y} by Corollary 4.13, and C is closed, it follows that y ∈ C.
On the other hand, suppose that y ∈ C. Fix k ≥ m and let Remark 4.19. The spaces L(Y ) \ U(Y ) and U(Y ) \ L(Y ) are strongly σ-complete spaces (that is, they are union of countably many closed and completely metrizable subspaces), since they are F σ subsets of a Polish space.
The Fraïssé fence
We denote by F the projective Fraïssé limit of F . Recall from Corollary 3.9 that F 0 is a projective Fraïssé family, with the same projective Fraïssé limit as F . Therefore, we fix a fundamental sequence (F n , γ m n ) in F 0 , with F 0 consisting of a single element.
Proposition 5.1. The sequence (F n , γ m n ) is fine and the quotient map p :
Proof. Let a, b ∈ F n have R Fn -distance 2. Say, without loss of generality, a R Fn cR Fn b and a < Fn c < Fn b. Consider P ∈ F 0 obtained by F n by blowing c up to two points. More precisely, let c 0 , c 1 be two new elements, let P = (F n \ {c}) ∪ {c 0 , c 1 }, and define ≤ P , R P by extending the corresponding relations on F n \ {c} requiring a < P c 0 < P c 1 < P b, a R P c 0 R P c 1 R P b. Let ϕ : P → F n be defined by:
Then ϕ is an epimorphism by Lemma 3.8, and by (F2) there exist m > n and an epimorphism θ :
should be R-connected to a and b, but no such element exists in P . By Lemma 2.5, (F n , γ m n ) is therefore fine. To prove irreducibility of the quotient map, by Lemma 2.13 it suffices to show that for each n ∈ N and a ∈ F n there are m > n and b ∈ F m such that b ′ R b implies γ m n (b ′ ) = a. To this end fix n, a as above and define P = F n ⊔ {a 0 , a 1 , a 2 } with a 0 R a 1 R a 2 and a 0 < a 1 < a 2 , so that {a 0 , a 1 , a 2 } ∈ MC(P ) and P ∈ F 0 . Let ϕ : P → F n be the identity restricted to F n and ϕ(a i ) = a for 0 ≤ i ≤ 2. By Lemma 3.8, ϕ is an epimorphism and by (F2) there exist m > n and an epimorphism ψ : F m → P such that ϕψ = γ m n . Let b ∈ ψ −1 (a 1 ) and b ′ R b, then ψ(b ′ ) ∈ {a 0 , a 1 , a 2 }, so γ m n (b) = a.
5.1.
A topological characterization of the Fraïssé fence. The study of the quotient F/ R F is one of the main goal of this paper. By Theorem 4.4, F/ R F is a smooth fence. We call Fraïssé fence any space homeomorphic to F/ R F . The following property of the Fraïssé fence is of crucial importance for its characterization.
Lemma 5.2. Let ϕ : F → P be an epimorphism onto some P ∈ F 0 . If a, a ′ ∈ P with a ≤ a ′ , there is an arc component of F/ R F whose endpoints belong to int( a ϕ ), int( a ′ ϕ ), respectively.
Proof. Let a 1 , . . . , a ℓ ∈ P be such that a < a 1 < . . . < a ℓ < a ′ , a R a 1 R . . . R a ℓ R a ′ .
Notice that ℓ = 0 if a R a ′ , in particular when a = a ′ .
Let
Let ψ : Q → P be the epimorphism defined as the identity on P and by letting
By (L3 ′ ) there is an epimorphism θ :
. This implies that the arc with endpoints p(u), p(u ′ ) is contained in a connected component of F/ R F with endpoints in int( a ϕ ), int( a ′ ϕ ), respectively.
The following theorem gives a topological characterization of the Fraïssé fence. (
and |ψ −1 (a 0 )|, |ψ −1 (a 1 )| ≥ r, then θ can be chosen to be surjective;
Proof. For each a ∈ ψ[B ′ ] \ {a 0 , a 1 } let θ map ψ −1 (a) to ϕ −1 (a) surjectively and monotonically. If ψ[B ′ ] = ϕ[B] and |ψ −1 (a 0 )|, |ψ −1 (a 1 )| ≥ r, doing the same for ψ −1 (a 0 ), ψ −1 (a 1 ) provides a map onto B. Otherwise, map all of ψ −1 (a 0 ) to the maximal element of ϕ −1 (a 0 ), and all of ψ −1 (a 1 ) to the minimal element of ϕ −1 (a 1 ).
As for point (2), map
Lemma 5.5. Let (P n , ϕ m n ) be a fine projective sequence in F 0 , with projective limit P, and the quotient map p : P → P/ R P be irreducible. Let J 1 , . . . , J ℓ be connected components of P/ R P . For each n ∈ N and 1 ≤ i ≤ ℓ, let J i n = ϕ n [p −1 (J i )] and B i n ∈ MC(P n ) be such that J i n ⊆ B i n . For any n, r ∈ N, if the endpoints of the J i 's belong to a∈Pn int( a ϕn ), there is m 0 > n such that, for each m ≥ m 0 and 1 ≤ i ≤ ℓ:
(a) ϕ m n [B i m ] = J i n , (b) if J i is an arc, then |J i m ∩ (ϕ m n ) −1 (a)| > r for each a ∈ J i n . Proof. We can suppose that the J i 's are distinct. Let O 1 , . . . , O ℓ be pairwise disjoint open neighborhoods of J 1 , . . . , J ℓ , respectively, such that O i ⊆ a∈J i n a ϕn , for 1 ≤ i ≤ ℓ. By Corollary 4.14, there is m ′ > n such that for 1 ≤ i ≤ ℓ, one has
It follows that for all m > m ′ and 1 ≤ i ≤ ℓ, one has ϕ m n [B i m ] = J i n . For 1 ≤ i ≤ ℓ such that J i is an arc, and each a ∈ J i n , the set a ϕn ∩J i has more than one element; since the mesh of P m ϕm goes to 0, there exists m 0 > m ′ such that for all m > m 0 condition (b) is satisfied.
Proof of Theorem 5.3. For the forward implication, it suffices to prove the conclusion for F/ R F . By Proposition 5.1 and Lemmas 2.12 and 2.8(2), ( F n γn ) n∈N is a sequence of regular quasi-partitions of F/ R F , each refining the previous, whose mesh tends to 0. For each n ∈ N if a, a ′ ∈ F n with a ≤ a ′ then by Lemma 5.2 there is a connected component J of F/ R F whose endpoints belong to int( a γn ), int( a ′ γn ), respectively. By Lemma 4.10 ( F n γn ) n∈N is suitable.
If O, O ′ ⊆ F/ R F are open sets which meet a common connected component K, let n ∈ N, a, a ′ ∈ F n be such that
It follows that a, a ′ are ≤ Fn -comparable, so by Lemma 5.2 there is an arc component J of F/ R F whose endpoints belong to int( a γn ), int( a ′ γn ), respectively, and so to O, O ′ , respectively.
Conversely, let (C n , χ m n ) be a -suitable sequence of regular quasi-partition of Y , for some strongly compatible order , where χ m n : C m → C n , for m ≥ n, is the inclusion map. Assume that for any two open sets O, O ′ ⊆ Y which meet a common connected component there is an arc component of Y whose endpoints belong to O, O ′ , respectively. By Proposition 4.9, (C n , χ m n ) is a fine projective sequence from F 0 approximating Y such that, letting Y be its projective limit, the quotient function
It is then enough to prove that Y is a projective Fraïssé limit of F 0 . To this end, by Proposition 2.3, we must prove that given P ∈ F 0 and an epimorphism ϕ : P → C n , there are m ≥ n and an epimorphism ψ : C m → P such that ϕψ = χ m n . Let r = max |ϕ −1 (C)| C ∈ C n and B 1 , . . . , B ℓ be an enumeration of MC(P ).
From 
On the other hand, since ϕ is an epimorphism and (C n ) is -suitable, for m big enough it holds that for all
So fix such an m, greater or equal to m 0 . We construct an epimorphism ψ : C m → P such that ϕψ = χ m n , by defining its restriction on each A ∈ MC(C m ). For 1 ≤ i ≤ ℓ, we use Lemma 5.4 to construct an L R -preserving function ψ i from A i onto B i such that ϕψ i = χ m n A i . Then, for each A ∈ MC(C m ) \ {A i | 1 ≤ i ≤ ℓ}, we again use Lemma 5.4 to find an L R -preserving function ψ A from A to B A such that ϕψ A = χ m n A . Then, defining ψ = ℓ i=1 ψ i ∪ A∈MC(Cm)\{A i |1≤i≤ℓ} ψ A , it follows that ϕψ = χ m n and, by Lemma 3.8, ψ is an epimorphism. 5.2. Homogeneity properties of the Fraïssé fence. In this section we study some homogeneity properties of the Fraïssé fence, describing in particular its orbits under homeomorphisms. We denote by Homeo ≤ (F/R F ) the subgroup of Homeo(F/R F ) of homeomorphisms which preserve ≤ F/R F .
Theorem 5.6. Let J 1 , . . . , J ℓ , I 1 , . . . , I ℓ be two tuples of distinct connected components of F/ R F . Suppose that J 1 , . . . , J k , I 1 , . . . , I k are arcs and J k+1 , . . . , J ℓ , I k+1 , . . . , I ℓ are singletons, for some
We obtain Theorem 5.6 by proving in Lemma 5.8 a strengthening of (L3 ′ ) for F and using it in a back-and-forth argument which yields the desired homeomorphism.
Lemma 5.7. Let (P n , ϕ m n ) be a fine projective sequence in F 0 , with projective limit P, and the quotient map p : P → P/ R P be irreducible. Let x ∈ P/ R P be such that p −1 (x) is a singleton which is neither ≤ P -minimal nor ≤ P -maximal. For each n ∈ N, let {x n } = ϕ n [p −1 (x)]. For any n, r ∈ N, there is m 0 > n such that for all m > m 0 ,
Since p −1 (x) is neither ≤ P -minimal nor ≤ P -maximal, there is n 0 > n such that x n0 is neither ≤ Pn 0 -minimal nor ≤ Pn 0 -maximal. Let a, a ′ be the R-neighbors of x n0 different from x n0 . By Lemma 2.14 it follows that x ∈ int( x n0 ϕn 0 ), so x has positive distance from a ϕn 0 and a ′ ϕn 0 . By Lemma 2.8(2), there is m > n 0 for which the thesis holds.
Lemma 5.8. Let J 1 , . . . , J ℓ be distinct connected components of F/ R F , such that J 1 , . . . , J k are arcs and J k+1 , . . . , J ℓ are singletons, where 0 ≤ k ≤ ℓ. Assume that p −1 (x) is a singleton, for any x endpoint of some J i . For 1 ≤ i ≤ k, let x i ∈ J i be a point which is not an endpoint, such that p −1 (x i ) is a singleton. For each n ∈ N, call J i n = γ n [p −1 (J i )], and {x i n } = γ n [p −1 (x i )]. Let P ∈ F 0 , and ϕ : P → F n an epimorphism. For 1 ≤ i ≤ ℓ, let I i ⊆ P be R-connected and such that ϕ[I i ] = J i n ; assume moreover that if J i is a singleton, then I i is a singleton as well. For 1 ≤ i ≤ k, let y i ∈ ϕ −1 (x i n ). Then there exist m > n and an epimorphism ψ : F m → P such that:
Let P ′ ∈ F 0 be the structure obtained as the disjoint union of ℓ + 1 copies of P and α : P ′ → P be the epimorphism whose restriction to each copy of P is the identity. By (F2) there are m ′ > n and an epimorphism ψ ′ : F m ′ → P ′ such that ϕαψ ′ = γ m ′ n . By Lemma 2.14 the endpoints of J i belong to a∈F m ′ int( a γ m ′ ), for 1 ≤ i ≤ ℓ, so we can apply Lemma 5.5 to find m 0 > m ′ such that for all m > m 0 and
is a singleton and is neither ≤ F -minimal nor ≤ F -maximal, so by Lemma 5.7 there is m 1 > m 0 such that for all m > m 1 and 1 ≤ i ≤ k, 
Then ϕψ = γ m n and ψ is an epimorphism. Indeed, ψ is L R -preserving by construction and for each B ∈ MC(P ) there is C ∈ MC(F m ) such that ψ ′ γ m m ′ [C] equals one of the copies of B in P ′ , as there are more copies of B in P ′ than maximal chains of F m on which ψ differs from αψ ′ γ m m ′ . The connected components of Theorem 5.6 might not satisfy the hypotheses of Lemma 5.8, since some of the endpoints may be non-singleton R F -classes, so we cannot apply Lemma 5.8 directly. Therefore we need first the following lemma.
Lemma 5.9. Let ∼⊆ R F be an equivalence relation on F which is the equality but on finitely many points. Then F/ ∼ with the induced L R -structure is isomorphic to F.
Proof. Let ℓ be the number of ∼-equivalence classes of cardinality greater than 1, that is, by Lemma 3.11, of cardinality 2. Denote these equivalence classes by
To prove that F/ ∼ is isomorphic to F we show that F/ ∼ satisfies properties (L1), (L2) and (L3 ′ ). Inductively, it is enough to prove the assertion for ℓ = 1. Notice also that the quotient map q : F → F/ ∼ is an epimorphism. Property (L1) follows from (L3 ′ ) by considering, for any P ∈ F 0 , epimorphisms from F/ ∼ and P to a structure in F 0 with one point.
To check that (L3 ′ ) holds, fix P, Q ∈ F 0 and epimorphisms ψ : F/ ∼ → P, ϕ : Q → P with the objective of finding an epimorphism θ : F/ ∼ → Q such that ϕθ = ψ. Let Q ′ ∈ F 0 be the structure obtained from Q by substituting each a ∈ Q with a chain {a 0 , a 1 } of length 2. In other words:
Then χ ′ is an epimorphism using Lemma 3.8, which is applicable as ∀a ∈ Q ′ χ ′ (a 0 ) = a. Define θ(y) = χ ′ θ ′ (x) for any x ∈ q −1 (y). This is well defined as
, and is the required epimorphism: continuity holds since for each a ∈ Q, the set (
For (L2) let {V 1 , . . . , V r } be a clopen partition of F/ ∼ . Consider the induced clopen partition {q −1 (V 1 ), . . . , q −1 (V r )} of F. By (L2) for F, there exist P ′ ∈ F 0 and an epimorphism ϕ ′ : F → P ′ which refines the partition. Let P ∈ F 0 be the quotient of P ′ which identifies a, a ′ if and only if a = a ′ or a, a ∈ ϕ ′ [{x 1 , x ′ 1 }]. Then the quotient map ψ : P ′ → P is an epimorphism, so ϕ(y) = ψϕ ′ (x) for any x ∈ q −1 (y) is a well defined epimorphism. Since ψϕ ′ refines {q −1 (V 1 ), . . . , q −1 (V r )}, it follows that ϕ refines {V 1 , . . . , V r }.
Proof of Theorem 5.6. By Lemma 5.9, up to considering an isomorphic structure, we can assume that the preimages of the endpoints of all the J i 's and I i 's under the quotient map p : F → F/ R F are singletons, as well as the preimages of the x i 's and y i 's.
For
When J i (equivalently, I i ) is a singleton, then J i n , I i n are singletons for every n ∈ N. Let n 0 = m 0 = 0 and ϕ 0 : F m0 → F n0 be the identity. As F 0 consists of a single point, all the hypotheses of Lemma 5.8 are satisfied where n, P, I i , y i , ϕ of the lemma are 0, F 0 , I i 0 , y i 0 , ϕ 0 , respectively. Suppose that n j , m j , ϕ j : F mj → F nj have been defined and are such that ϕ j [I i mj ] = J i nj for 1 ≤ i ≤ ℓ, and ϕ j (y i mj ) = x i nj for 1 ≤ i ≤ k. By Lemma 5.8 there exist n j+1 > n j and ψ j : 
Let ϕ, ψ : F → F be the unique epimorphisms such that for each j ∈ N, γ nj ϕ = ϕ j γ mj and γ mj ψ = ψ j γ nj+1 . Then ϕψ and ψϕ are the identity, so ϕ, ψ ∈ Aut(F). As for each j ∈ N,
h(x) = pψ(u) for any u ∈ p −1 (x). Then h ∈ Homeo ≤ (F/R F ) and h[J i ] = I i , for 1 ≤ i ≤ ℓ, and h(x i ) = y i for 1 ≤ i ≤ k.
To lighten notation, let L = L ≤ P/R P (F/R F ) , U = U ≤ P/R P (F/R F ).
Lemma 5.10. There is h ∈ Homeo(F/R F ) which switches U and L.
Proof. For any L R -structure A, let A * be the L R -structure with the same support as A, with R A * = R A and u ≤ A * u ′ if and only if u ′ ≤ A u. Then (A * ) * = A and a function ϕ : B → A is an epimorphism from B to A if and only if it is an epimorphism from B * to A * . Now, if A ∈ F 0 , then A * ∈ F 0 , so it is straightforward to check that (L1), (L2), (L3) hold for F * . It follows that F * is the projective Fraïssé limit of F 0 and thus that it is isomorphic to F, via an isomorphism α : F → F * . Let h : F/ R F → F/ R F be defined by letting h(x) = pα(u) for any u ∈ p −1 (x). Then h is the required homeomorphism.
Corollary 5.11. The Fraïssé fence is 1 /3-homogeneous. The orbits of the action of
Proof. The above subspaces are clearly invariant under homeomorphisms. We conclude by Theorem 5.6 and Lemma 5.10.
The Fraïssé fence also enjoys a different kind of homogeneity property, namely that of h-homogeneity.
Proposition 5.12. The Fraïssé fence is h-homogeneous.
Proof. Fix a nonempty clopen subset U of F/ R F . By Lemma 3.15, there is n 0 ∈ N such that for all n ≥ n 0 , there is S n ⊆ MC(P n ) for which U = a∈ Sn a γn . Let Q n = S n . We prove that (Q n , γ m n Qn ) n≥n0 is a fundamental sequence in F 0 , thus showing that p −1 (U ), with the L R -structure inherited from F, is isomorphic to F, which yields the result.
Let n ≥ n 0 , P ∈ F 0 and ϕ : P → Q n . Let P ′ = P ⊔ (F n \ Q n ) and ϕ ′ : P ′ → F n be ϕ on P and the identity on F n \ Q n . Since Q n is R Pn -invariant in F n and ϕ is an epimorphism, so is ϕ ′ , by Lemma 3.8. By (F2) there are m ≥ n and an epimorphism ψ ′ : F m → P ′ such that ϕ ′ ψ ′ = γ m n . We see that
Qm : Q m → P is an epimorphism such that ϕψ = γ m n Qm . We conclude by Proposition 2.3. 5.3. Spaces of endpoints of the Fraïssé fence. By Lemma 5.10, L and U are homeomorphic. It also follows from that lemma that U \ L, L \ U are homeomorphic. We therefore state the results in this section solely in terms of U, L ∩ U, and U \ L, the latter of which we denote by M. In Theorem 5.19 below we see that L ∩ U is homeomorphic to the Baire space N N .
Corollary 5.13. M and L ∩ U are n-homogeneous for every n ≥ 1.
Proof. From Theorem 5.6.
Proposition 5.14. M is one-dimensional.
Proof. As M is a subset of a one-dimensional space, its dimension is at most one. We now show that it is at least one. Let x ∈ M and J be the arc component of and let a ′ 0 ∈ B 0 be the minimum such that a≥a ′ 0 a γn 0 ⊆ O. Notice that a 0 < a ′ 0 . Suppose one has defined n i ∈ N, B i ∈ MC(F ni ), a i , a ′ i ∈ B i , with a i < a ′ i . By Lemma 5.2 there exists an arc component J i of F/ R F whose endpoints belong to int( a i γn i ), int( a ′ i γn i ), respectively. By Corollary 4.13 there are n i+1 > n i and B i+1 ∈ MC(F ni+1 ) such that
such that a i+1 γn i+1 ⊆ a i γn i and let a ′ i+1 ∈ B i+1 be the minimum such that a≥a ′ i+1 a γn i+1 ⊆ O, so in particular a i+1 < a ′ i+1 . Since the mesh of ( F n γn ) n∈N goes to 0, we can furthermore choose n i+1 so that a ′ i+1 γn i+1 a ′ i γn i , so that in particular a ′ i+1 = max B i+1 . Let K = i∈N a∈Bi a γn i = lim i→∞ a∈Bi a γn i . By Corollary 2.10, K is connected, call y its maximum. We prove that y ∈ M and y ∈ cl M (O ∩ M) \ O, which concludes the proof.
Since a∈Bi a γn i ∩ a 0 γn 0 = ∅ for each i, it follows that K ∩ a 0 γn 0 = ∅, so y ∈ L. Suppose there exists y ′ ∈ F/ R F , y < F/R F y ′ . Let U be an open set containing K while avoiding y ′ . There thus is i ∈ N such that a∈Bi a γn i ⊆ U . For each a ′ ∈ F ni with y ′ ∈ a ′ γn i , it follows that a ′ ∈ B i as a ′ γn i ⊆ U . But y ≤ P/R P y ′ implies a ≤ a ′ for some a ∈ B i , a contradiction. So y ∈ M. Since a ′ i γn i ⊆ O and max J i ∈ int a ′ i γn i for each i ∈ N, it follows that y ∈ cl M (O ∩ M). Suppose that y ∈ O. Since y has positive distance from K \ O, there exists i ∈ N such that y ∈ { a γn i | a ∈ B i , a ≤ a ′ i }, as a ′ i is the minimum element of B i such that a≥a ′ i a γn i ⊆ O, and the diameter of the a ′ i γn i goes to 0. It follows that y ∈ a∈Bi+1 a γn i+1 as a∈Bi+1 a γn i+1 ⊆ { a γn i | a ∈ B i , a ≤ a ′ i }, so y ∈ K, a contradiction.
Corollary 5.15. U is 1 /2-homogeneous. In particular, the orbits of the action of Homeo(U) on U are L ∩ U and M.
Proof. By Theorem 5.6, for any x, x ′ ∈ M, y, y ′ ∈ L ∩ U distinct, there is h ∈ Homeo ≤ (F/R F ) such that h(x) = x ′ , h(y) = y ′ . Since h U ∈ Homeo(U), it follows that there are at most 2 orbits of the action of Homeo(U) on U. Therefore it suffices to show that U is not homogeneous. By Lemma 4.17 the space U is Polish, by Proposition 4.15 it is not cohesive and by Proposition 5.14 it is not zero-dimensional. By [Dij06, Proposition 2], a Polish, non-cohesive, non-zero-dimensional space is not homogeneous.
Proposition 5.16. M and L ∩ U are dense in F/ R F . Proof. It is easy too see that M is dense in F/ R F by Theorem 5.3.
To see that L ∩ U is dense, let O be a nonempty open subset of F/ R F and let n 0 ∈ N, a 0 ∈ F n0 be such that a 0 γn 0 ⊆ O. We define a sequence (a i ) i∈N by induction. Suppose that n i and a i ∈ F ni are defined and let P i = F ni ⊔ {b} and ϕ i : P i → F ni be the identity on F m and ϕ i (b) = a i . By (L3 ′ ) there are n i+1 > n i and an epimorphism ψ i : F ni+1 → P i such that ϕ i ψ i = γ Let u ∈ F be such that γ ni (u) = a i for each i ∈ N. For each i ∈ N, we have that γ ni+1 (u) ∈ B i and γ ni+1 ni (max B i ) = γ ni+1 ni (min B i ) = a i = γ ni (u). By Lemma 4.12, u is both ≤ F -minimal and ≤ F -maximal. It follows that p(u) ∈ L ∩ U. Since γ n0 (u) = a 0 , we have p(u) ∈ a 0 γn 0 ⊆ O.
Proposition 5.17. M is not cohesive.
Proof. We show more, namely that any nonempty open subset of M contains a nonempty subset that is clopen in M. Let O be an open subset of F/ R F such that O ∩ M = ∅. Up to taking a subset we can assume O is ≤ P/R P -convex. By Theorem 5.3 there exists an arc component J of F/ R F whose endpoints both belong to O, so by ≤ P/R P -convexity, J ⊆ O. By Corollary 4.14 there exist n ∈ N and B ∈ MC(F n ) such that J ⊆ a∈B a γn ⊆ O. Since a∈B a γn is clopen in F/ R F by Lemma 3.14, it follows that a∈B a γn ∩ M is clopen in M, and it is nonempty as it contains max J.
Finally we look at E(F/R F ) = L ∪ U. Therefore the intersection of all clopen neighborhoods of x in L △ U also contains z. On the other hand any two points belonging to distinct components of F/ R F can obviously be separated by clopen sets, so the quasi-component of x in L △ U is {x, z}.
Since almost zero-dimensional, T 0 spaces are totally separated, it follows that the spaces L △ U and E(F/R F ) are not almost zero-dimensional. This should be contrasted with Proposition 4.16.
We sum up what we know about the spaces of endpoints of the Fraïssé fence.
Theorem 5.19.
(i) L ∩ U is homeomorphic to the Baire space N N .
(ii) E(F/R F ) is Polish and not totally separated.
(iii) U is 1 /2-homogeneous, Polish, almost zero-dimensional, one-dimensional and not cohesive. A space with the properties listed in (iv) was first exhibited in [Dij06] as a counterexample to a question by Dijkstra and van Mill. We do not know however whether the two spaces are homeomorphic. 
